We investigate the dynamics of a strongly interacting spin system that is motivated by current experimental realizations of strongly interacting Rydberg gases in lattices. In particular we are interested in the temporal evolution of quantities such as the density of Rydberg atoms and densitydensity correlations when the system is initialized in a fully polarized state without Rydberg excitations. We show that in the thermodynamic limit the expectation values of these observables converge at least logarithmically to universal functions and outline a method to obtain these functions. We prove that a finite one-dimensional system follows this universal behavior up to a given time. The length of this universal time period depends on the actual system size. This shows that already the study of small systems allows to make precise predictions about the thermodynamic limit provided that the observation time is sufficiently short. We discuss this for various observables and for systems with different dimensions, interaction ranges and boundary conditions.
We investigate the dynamics of a strongly interacting spin system that is motivated by current experimental realizations of strongly interacting Rydberg gases in lattices. In particular we are interested in the temporal evolution of quantities such as the density of Rydberg atoms and densitydensity correlations when the system is initialized in a fully polarized state without Rydberg excitations. We show that in the thermodynamic limit the expectation values of these observables converge at least logarithmically to universal functions and outline a method to obtain these functions. We prove that a finite one-dimensional system follows this universal behavior up to a given time. The length of this universal time period depends on the actual system size. This shows that already the study of small systems allows to make precise predictions about the thermodynamic limit provided that the observation time is sufficiently short. We discuss this for various observables and for systems with different dimensions, interaction ranges and boundary conditions. 
I. INTRODUCTION
Current experimental and theoretical progress in the control of ultra cold gases of Rydberg atoms has revealed remarkable insights into the dynamic and static properties of strongly interacting many-body systems [1, 2] . The strong interaction between atoms in highly excited (Rydberg) states can be ten orders of magnitude larger than the interaction between ground state atoms and thus make ensembles of Rydberg atoms particularly suited for the study of strongly correlated phenomena. The emerging strong correlations are most strikingly reflected in the so-called Rydberg blockade [3, 4] -a pronounced suppression of the probability to excite a Rydberg atom in the vicinity of another. A number of experiments have succeeded in demonstrating this excitation blockade and provided evidence for the coherent nature of the excitation dynamics in an impressive fashion [5] [6] [7] [8] [9] [10] . From the theoretical side, ensembles of Rydberg atoms can often be accurately modeled by spin Hamiltonians. This approach has proven to be an extremely valuable tool and has delivered insights into the correlated ground state phases [11] [12] [13] [14] [15] [16] [17] [18] as well as into the dynamics of these systems [19] [20] [21] [22] [23] [24] [25] [26] .
A particularly simple spin-model describing the quantum dynamics of an arrangement of Rydberg atoms was explored in Refs. [25, 27, 28] by some of the authors. There we considered atoms placed on a one-dimensional regular lattice -a situation which since very recently can
FIG. 1. (Color online) a:
General behavior of the time evolution of observables such as the density of excited atoms ρ(t) or the density-density correlation functions g2(d = 2, t) between atoms separated by two sites (lattice with L = 25 sites). b: Short time behavior of the density of excited atoms. In the upper panel, for lattice sizes L = 10 and 12. In the lower one same quantity for L = 16 and 18. One can observe how the universal regime grows with L: it is given by t 3 for L 10, and by t 7 for L 16.
also be achieved experimentally [29, 30] . We moreover assumed a perfect excitation blockade for neighboring sites, i.e., no two neighboring atoms can be simultaneously excited to the Rydberg state. For this simplified situa-
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tion, we studied in particular the time-evolution of local observables such as the density of Rydberg atoms and density-density correlation functions. We found that the temporal behavior of all of these observables is qualitatively similar: The short time dynamics is characterized by strong oscillations while for long times a steady state is established in which all quantities fluctuate with small amplitude around a constant value (see Fig. 1a ). The focus of these previous works was on the long-time behavior, i.e., on the investigation of the origin of this (seemingly thermal) steady state. Indeed, in Refs. [25, 31] we showed that this steady state can be understood as a maximum entropy state and that the evolution into it is governed by a Fokker-Planck equation.
The aim of this work is to study the short-time behavior of observables in a Rydberg lattice gas. In particular, we will answer the question of how well the numerical results obtained for finite systems approximate the corresponding results in the thermodynamic limit. We find that for sufficiently short times expectation values of physical quantities are independent of the system size and, hence, universal. An example for that is depicted in Fig. 1b with the evolution of the density of Rydberg atoms. The universal time interval grows with increasing system size. We show that there are universal functions for the expectation values of general observables in the thermodynamic limit to which the results of finite systems converge at least logarithmically. This means that even the study of finite systems gives access to properties of the thermodynamic limit provided that the propagation time is sufficiently short. We discuss which observables exhibit this convergence to the universal behavior, and the validity of these results for systems with different geometries, interaction ranges and dimensions. Note that, based on the so-called Lieb-Robinson bounds [32] , the existence of a thermodynamic limit was mathematically proven for quantum lattice systems with polynomially decaying interactions [33] [34] [35] . In this work, we calculate the rate of convergence to this thermodynamic limit and show that it is, at least, logarithmic. We provide a systematic procedure to obtain these universal functions using the particularly symmetric case of a ring lattice.
The paper is structured as follows. In Section II, we describe in detail the system under study and present a derivation of the Hamiltonian that governs its dynamics. In Section III, we discuss the properties of the Hamiltonian and their implications in the time-evolution of the expectation value of any general observable. In addition, we introduce some of the mathematical tools we will use throughout the remainder of the paper. In Section IV, we focus on the case of a one-dimensional lattice with periodic boundary conditions and any blockade radius. Here, we prove that the time-evolution of the expectation value of a set of operators (including the Rydberg density) in a finite size system converges at least logarithmically for all times to a universal function (i.e., independent of the size of the system) in the thermodynamic limit. The technique to derive this universal function is also described here. In Section V, we analyze the same system but with open boundary conditions and show that the results found in the periodic case are equally valid. Finally, we discuss the generalization of these results to higher dimensions in Section VI. The conclusions and open problems are given in Section VII. In Appendices A, B and C, we provide the bulk of the mathematical proof of the existence of the universal functions and the convergence to those of the finite-size expectation values. In Appendix D, we present the method to create the matrix representation of some operators on the one-dimensional linear lattice.
II. THE SYSTEM AND ITS HAMILTONIAN
The system we are considering is a one-dimensional lattice with L sites and spacing a. Each site shall contain a single atom which occupies the (local) vibrational ground state. The ground state |g and a highly excited (Rydberg) state |r of each atom (considered as two-level systems) are coupled resonantly by means of a laser with Rabi frequency Ω. The atoms in the Rydberg state interact via the van-der-Waals potential C 6 / |r| 6 , where C 6 is the van-der-Waals coefficient [36] and |r| is the distance between them. Having only two possible states reduces the problem to a spin-1/2 system where one can identify |g = r |r ≡ |↓ and |r = r † |g ≡ |↑ . The annihilation and creation operators r k , r † k of a Rydberg state at site k satisfy thus a spin-1/2 algebra
With these operators the Hamiltonian of the system reads
where n k = r † k r k counts the number of Rydberg atoms at site k and V = C 6 /(2a 6 ) represents the nearest neighbor interaction strength divided by two to compensate the double counting in the sum.
In the following we will perform two approximations which lead us to the perfect blockade model. First, we do not consider the full |r| −6 -tail of the van-derWaals interaction but rather a cut-off at a radius R b = λ b a, i.e., only atoms on sites contained in the subset Λ k = {j : |k − j| ≤ λ b and j = k} interact with an excited atom located at the k-th site (see Fig. 2) . The Hamiltonian can then be rewritten as where V kj = V /|k − j| 6 . In addition, we assume that the interaction energy between atoms inside the radius R b -often referred to as the blockade radius -is much larger than the Rabi frequency of the laser, i.e., Ω V /λ 6 b . This means in turn that the probability of having two atoms simultaneously excited within the set Λ k is strongly suppressed. These two assumptions can only be satisfied if
Note that these conditions are more difficult to meet the larger the number of sites inside the blockade radius R b .
In the next step, we make the excitation blockade manifest by transforming the Hamiltonian into the interaction picture with the unitary operator U = e −iHintt [15] . This results in a new Schrödinger equation with effective Hamiltonian
where we have used that V kj = V jk . Since k / ∈ Λ k , all the terms contained in the sum over j ∈ Λ k commute with n k . Now, we have to calculate explicitly
, n k and m k = 1−n k are projectors onto the subspaces with a Rydberg and a ground state atom on site k, respectively. Thus, one has
Next, we neglect in this expression the terms that oscillate with frequencies V kj for all j ∈ Λ k which under our initial assumption are much larger than the Rabi frequency. This is the so-called rotating wave or secular approximation, and gives rise to the effective Hamiltonian
with M k = j∈Λ k m j . This Hamiltonian couples states differing in a single Rydberg excitation, but the factor M k prevents the creation of a Rydberg excitation at site k whenever there is another already present at some site j ∈ Λ k . The natural initial state of the system is the one with all atoms in the ground state, i.e., |0 = k |g k and M k |0 = |0 . The Hamiltonian then only couples |0 to states which have eigenvalue 1 with respect to all M k . As a consequence, only states with at most one excitation inside the neighborhoods {Λ k } L k=1 are accessible by a time-evolution under H.
The generalization of the previous arguments to higher dimensional lattices leads to a Hamiltonian of the same form as Eq. (2). The higher dimensional version of condition (1) is, however, more difficult to satisfy. For instance, in the case of a blockade radius R b = a, Eq. (1) reads V Ω V /2 6 , while for a 2-dimensional square and a 3-dimensional cubic lattices, it becomes the more stringent condition V Ω V /2 3 . We would like to remark that even when the conditions for the validity of the effective Hamiltonian (2) are not strictly satisfied, such a Hamiltonian provides a first approximation to the dynamics of a Rydberg lattice gas which can be corrected by perturbation techniques.
In the next sections, we will mathematically prove that the dynamics of a system driven by the Hamiltonian (2) exhibits some universal features, which do not depend on the lattice geometry or the interaction range.
III. TIME-EVOLUTION OF OBSERVABLES: GENERAL CONSIDERATIONS
Our analysis begins by discussing a property of the system that holds regardless of the geometry of the lattice: The operator (−1) n , with n = k n k being the total number of atoms in the Rydberg state, satisfies
which in turn yields
This anticommutation relation implies that H only couples states whose total number of Rydberg excitations have opposite parity (−1) n . Although (−1) n is not a symmetry of H, the fact that both operators anticommute has some implications in the corresponding spectrum and dynamics.
First, if |Ψ is an eigenvector of H with eigenvalue E, the state (−1)
n |Ψ is also an eigenvector, but with eigenvalue −E. Therefore, the energy spectrum of H is symmetric with respect to E = 0. Moreover, any eigenvector |Ψ with eigenvalue E = 0 must be orthogonal to (−1) n |Ψ . Thus, Ψ|(−1) n |Ψ = 0, which yields Ψ e |Ψ e = Ψ o |Ψ o = 1/2 where |Ψ e and |Ψ o are the projections of |Ψ onto the subspaces with even and odd total number of Rydberg states, respectively. We conclude from this that any eigenvector of H with non zero eigenvalue has equal probability of having an odd or even number of Rydberg excitations.
For some particular choices of the lattice geometry and the blockade range Λ k , the system and its Hamiltonian H possess additional symmetries. For instance, in the case of a ring lattice (one-dimensional lattice with periodic boundary conditions) the system is invariant under translations and reversal of the sites. Any symmetry of the system splits the state space into several H-invariant subspaces (the eigenspaces of the symmetry), decoupling the evolution into lower dimensional ones with the same spectral properties described previously for H. If this symmetry also commutes with (−1) n , the corresponding subspaces are (−1) n -invariant too. As a consequence, any odd-dimensional subspace which is simultaneously invariant for H and (−1) n must enclose a zero energy eigenstate of H. Otherwise, the number of orthogonal eigenvectors of the reduced Hamiltonian should be even due to the symmetry of its spectrum with respect to the origin.
The anticommutation relation (3) also bears implications for the dynamics. In the Heisenberg picture the evolution of any observable A is given by A(t) = e itH A e −itH . The evolution of this arbitrary observable A is an entire function of t, i.e., an analytic function on the whole complex plane when t is considered as a complex variable, so that its power series must converge for any value of t. The corresponding power series expansion yields
where we have defined the adjoint endomorphism
Let us assume that [A, (−1) n ] = 0, i.e., the operator A conserves the parity of the number of excitations. Then, the relation (3) yields
If |Φ and |Ψ are two eigenstates of n with total number of Rydberg states n Φ and n Ψ , respectively, the matrix element Φ|A(t)|Ψ satisfies
As a consequence, Φ|A(t)|Ψ is an even or an odd function of t depending whether n Φ and n Ψ have the same parity or not. Setting |Φ = |Ψ , we find that the expectation value of A starting from an initial state with a definite number of Rydberg excitations is an even function of t.
We now apply these results to the time-evolution of the expectation value of the total number of Rydberg atoms n. We consider the initial state |0 , i.e., n(t) ≡ 0|n(t)|0 , so that n(0) = 0. By using Eq. (4), we see that only the even terms contribute to the expansion:
The first term of the sum is proportional to t 2 and can be calculated using the algebra of r k and r † k as ad
Taking the expectation value in the last expression we obtain ad
2 L and in the expansion (5) the first coefficient is c 1 = Ω 2 L. Therefore, the expectation value of the Rydberg density defined as ρ(t) = n(t) /L is an even function of t with the universal behavior
, regardless of the dimension or the geometry of the lattice, and for any blockade range.
In the remainder of the paper we will search for such a universality (independence of the size of the system) in higher terms of the series expansion of ρ(t), as well as for expectation values of other operators. To tackle this task, we will extensively use the following property: If A and B are self-adjoint, ad j B (A) is self-adjoint or anti self-adjoint depending on whether j is even or odd. Consequently, to obtain ad i.e., the symmetrization or anti-symmetrization of B ad j−1 B (A) for even and odd j, respectively. For convenience, we will set from now on the energy scale Ω = 1. The change t → Ωt allows us to recover the dependence on Ω in the evolution.
IV. THE ONE-DIMENSIONAL RING LATTICE
In this section, we will analyze the dynamics for a ring lattice with only nearest neighbor interaction, that is, a one-dimensional finite lattice with periodic boundary conditions and blockade range Λ k = {k − 1, k + 1}. This system was previously explored in Refs. [20, 27, 28, 37] .
The physical properties of this system will in general depend on the number of sites L. We make apparent this explicit dependence on L by including a superscript (L). The Hamiltonian reads
where the notation ∆ k = r k + r † k has been introduced. According to the discussion in Sec. III, the Rydberg density is given by
with n (L) = L k=1 n k , and
where the invariance of the system under translations has been used. The periodic boundary conditions imply that any index k must be understood mod(L).
In the previous Section, it has been already shown that in general c (L) 1 = 1. We calculate again this coefficient using a procedure that allows us to obtain c
where we have used that H k is the only term of H (L) which does not commute with n k . This antisymmetrization yields
In order to compute ad 2 H (L) (n k ), we first realize that among the terms of
and we recover the expected result c
We now proceed with the second coefficient c 
k and performing the anti-symmetrization finally results in
As we can see, the level of complexity of the terms ad j H (L) (n k ) increases very quickly. However, since we are only interested in c
it is not necessary to compute ad
are the products of operators m l . Such terms are self-adjoint and, hence, they are generated simultaneously with equal coefficients in both summands of
Using the algebra of r j and r † j (see Tab. I) the terms of
k+1 . Hence, we find that ad 4 H (L) (n k ) = −24 and, finally,
also independent of the size of the lattice L.
A. Universality condition of the expansion coefficients
Neither c
have shown a dependence on the size of the ring L. This is, however, only true because we have implicitly assumed that L > 2 and thus, the boundary effects due to the finite size of the system do not play a role.
Let us explore these finite size effects for the (artificial) case of L = 2. The influence of the boundary becomes apparent in the quantity ad j H (2) (n 1 ). While Eq. (9) holds identifying m 0 = m 2 , i.e.,
and we see that Eq. (10) is not valid due to two reasons: first, some contributions are missing if compared with the general expression ad
in agreement with the general arguments of Sec. III. However, for the next coefficient, we arrive at are universal for j ≤ L − 1 because they can be computed using only the universal algebra of r l and r † l without being concerned with the boundary conditions. This is indeed true, and the proof is provided in Appendix A. We denote by c j the universal value of c
for j ≤ L − 1. For illustration purposes, the first five of these universal coefficients c j are given in Tab. II.
B. The universal Rydberg density ρ(t)
At least formally, we can define now the power series 
coefficients, cj, of the Rydberg density ρ(t), and of ρ d (t) with d = 2 and 3, c d,j . For a linear lattice, the first four universal coefficients qj. For the blockade radii λ b = 2 and 3, the first universal coefficients of the Rydberg density ρ(t) are also displayed. with c j being the universal expansion coefficients. We would naively expect that ρ (L) (t)
j . In fact, for the moment we cannot even be sure that the power series in Eq. (14) has a non null radius of convergence. Let us show here that Eq. (14) defines an entire function such that ρ (L) (t) L→∞ − −−− → ρ(t) for any value of t. This implies that, although ρ(t) is defined by a power series around the origin, it encodes the universality of ρ (L) (t) in any regime. We follow here a complementary approach to that presented in Ref. [33] that will also allow us to calculate the rate of convergence to ρ(t), which will be referred to as the universal Rydberg density in the remainder of the paper.
An analytic expression for all the coefficients c j and c (L) j is not available. However, to prove the above statements it is enough to obtain bounds |c j |, |c (L) j | ≤ b j for a set of coefficients b j such that the power series ∞ j=1 b j z j has an infinite radius of convergence. Since
is absolutely convergent for any t. Besides, bearing in mind that c
which shows that ρ (L) (t) L→∞ − −−− → ρ(t) at any time t. In Appendix B we prove that |c j |, |c
where
In Appendix C we show that
and, hence, the radius of convergence of
As we pointed out previously, this proves at the same time that ρ(t) is defined for any value of t and that ρ(t) gives at any time t the asymptotic of ρ (L) (t) for large L.
Convergence rate to the universal behavior. Our procedure has the advantage of making it possible to estimate the rate of convergence of ρ (L) (t) L→∞ − −−− → ρ(t). From Eqs. (15) and (16), we obtain
Appendix C proves that
where ω j is the solution of ω j + ln ω j = 1 + ln j, which increases logarithmically with j so that ω j ∼ ln j. Therefore,
which means that an upper bound for the error |ρ(t) − ρ (L) (t)| is given by
Bearing in mind that ω j grows with j, we find that the rate of consecutive error bounds satisfies
i.e, the convergence ρ (L) (t)
The previous mathematical results suggest the following physical interpretation: For large t, the deviation from the universal behavior defined by ρ(t) is related to the finiteness of the lattice. At the beginning of the evolution, the boundary conditions have little influence on the dynamics because the predominant interaction is the one between nearby atoms. Mathematically, the first coefficients of the power expansion of n k (t) depend only on terms H l with l close to k, so that the evolution is 'ignorant' of the boundaries. This is the origin of the universality observed for short times in Fig. 1b . When t increases, higher degree terms of n k (t) , which include contributions from H l with l far from k, become significant. This means that the (indirect or mediated) interactions between distant atoms become more important as time passes. Finally, when t is so large that the mediated interaction between atoms on sites at a distance of L or more sites becomes relevant, the universality is lost. All this is a consequence of the fact that there is a finite speed at which information propagates, which is expected from the local interactions that govern the dynamics of the Rydberg gas [32] .
This also means that the actual length of the universal time interval shown in Fig. 1b depends on L: The lattice size fixes the number of coefficients c (L) j which are universal and hence the range of values of t for which ρ (L) (t) will not differ from the universal Rydberg density ρ(t). Indeed, like the number of universal coefficients c j , the range of the universal regime must increase with the size of L, and during it
At this point, the fact that the convergence ρ (L) (t) L→∞ − −−− → ρ(t) takes place for any t means that we can just increase L in order to extend the length of the universal time interval. For finite values of L, these ideal power expansions can be calculated numerically in an alternative way using matrix representations of H (L) and n (L) . Such computations can be simplified by reducing the operators to the maximally symmetric subspace under translations and reflections (see Ref. [27] ). As an example, we have performed this calculation for L = 18 obtaining all the universal coefficients until j = 17. A comparison between this result and the numerical time-evolution of a system of the same size with closed and open boundary conditions is presented in Fig. 3 . Here the universal regime still lies in the transient phase and does not extend to the steady state regime. This universal time will increase with increasing number of sites on the lattice and, consequently, number of universal coefficients. Beyond the nearest neighbors blockade. We will consider now a blockade radius R b larger than the lattice spacing a. Suppose that R b = λ b a, such that the blockade range is Λ k = {k − λ b , . . . , k − 1, k + 1, . . . , k + λ b } for any site k of the ring. This yields an effective Hamiltonian
For the Rydberg density, we have shown in Appendix A that ad (16) for the coefficients of the Rydberg density, become now (see Appendix B),
which proves that the Rydberg density ρ (L) (t) converges for any value of t to the universal Rydberg density ρ(t), no matter the size of the blockade radius.
Apart form the first term t 2 , which is completely universal, the universal Rydberg density for a onedimensional lattice only depends on the blockade radius.
C. Expectation values of other operators
So far, we have only studied the Rydberg density. However, these results can actually be generalized to other local observables. Let us consider, for instance, the densitydensity correlation function
and, in particular, the expectation value
with d ≥ 2, since n k n k+1 = 0 due to the blockade condition.
As in the case of
is an entire function even in t and vanishing at t = 0 with power expansion
For very short times, atoms on separated sites evolve approximately independently. Thus, the density-density correlation function converges to 1 as t → 0. From the universal behavior n k (t) ∼ t 2 , we conclude that n k (t)n k+d (t) ∼ t 4 should be universal too, so that Some of the previous findings can be extended to any observable. To formalize this statement we consider observables that are independent of the lattice size L and that are constructed as a sum of words. A word is defined as an operator A = x k1 x k2 · · · x kj with k 1 < k 2 < · · · < k j , built using the letters x l ∈ {r l , r † l , m l , n l }. Each of these words is characterized by its length (A) = k j − k 1 + 1 and its number of single letters x l ∈ {r l , r † l }, s(A). Let us consider the expectation value of a word A with length = (A) and number of single letters
Since the relation (−1)
A (−t) = (−1) s ρ A (t), i.e., the parity of
A (t) is determined by the number of single letters of A. As a consequence, the entire function ρ 
where only powers with the same parity as s contribute.
In this general situation, we can ensure that ad
A,j are universal at least for j ≤ (L − )/2 (see Appendix A), and we denote by c A,j these universal coefficients. Furthermore, the bounds
obtained in Appendix B, together with the asymptotics of κ j given in Appendix C allow us to prove that
defines an entire function which picks up the universality of ρ (L)
A (t) for any t.
This result shows that the universality observed in the time evolution of the Rydberg density is not caused by the specific form of the corresponding operator, but rather constitutes a general feature of this quantum system.
For a blockade radius larger than the lattice spacing, it has been shown in Appendix A that ad 
Convergence rate to the universal behavior. We have seen that, in a ring under nearest neighbor blockade, the convergence of the expectation value of the Rydberg density to its universal counterpart is at least logarithmic. This estimate is generalized here to any other translation invariant or L-independent operator A, under any blockade range λ b . Since c
, using the bounds (19) in this general case, we find that
In order to obtain the rate of consecutive error bounds E (L) and E (L+2λ b ) we need to calculate
.
From Appendix C we get the following inequality
with ω k being the solution of ω k + ln
which leads us to
Finally, bearing in mind that ω k ∼ ln k, we obtain the upper bound for the ratio
which again shows that the convergence is at least logarithmic. In summary, the universality of the evolution of the Rydberg density under nearest neighbors blockade also holds for the evolution of the expectation value of any other operator with an L-independent shape as well as for any operator that is invariant under translations, and for any blockade radius. In addition, let us emphasize that the ring lattice is not merely a useful model to simplify the computations due to the symmetries, but also allows us to obtain the exact coefficients of the power expansion. That is, it grants us access to the universal behavior of the system independently of the lattice geometry, as it is discussed in the next Section.
V. LINEAR LATTICE -BOUNDARY EFFECTS
We will now investigate a one-dimensional lattice with open boundary conditions. Considering again nearest neighbors blockade, the effective Hamiltonian H (L) for a lattice with L sites reads as in Eq. (6) but with m 0 = m L+1 = 1. The analysis of the short time dynamics is similar to the ring lattice but the boundary effects are more pronounced. The reason is that, contrary to the ring, the atoms located at the edges of the line 'notice' the boundary conditions at any time. However, the theoretical approach followed previously in case of the ring can be extended also to this case.
We consider the expectation value of the Rydberg density ρ (L) (t) = n (L) (t) /L. It can be expanded as in expression (7), but the Eq. (8) for the coefficient c (L) j of t 2j is no longer valid because the linear lattice has no translation invariance. Only the invariance under reflection remains, so that the contributions of the sites k and L − k coincide. Therefore, in the coefficients
the contribution of each site k must be computed independently.
The first coefficient c
is proportional to the expectation value ad
, and to calculate it we follow the same route as in the ring when k = 1, L, since for k = 1 and L, one has ad
In the same spirit, one can write the operator ad
] with m 0 = m L+1 = 1, and m −1 = m L+2 = 0, so that Eq. (10) remains valid for any k. From here we obtain again that ad
This result was expected because we know that the t 2 behavior of the expectation value for the Rydberg density is independent of the geometry of the lattice. The previous arguments show that the coefficients of the power series expansion of the Rydberg density on the linear lattice can be inferred from the ad 
and c
Hence, except for c
are not universal, even for large L. However, for L sufficiently large, all sites give the same contribution to the j-th coefficient, except for the j − 1 sites counted from either end of the lattice. For each of these boundary sites, a fraction p 1 , . . . , p j−1 of the universal contribution is missing due to the condition m k = 0 if k < 0 or k > L + 1. Hence, we can rewrite
of the open lattice depend on its size L, the values of q j are L-independent provided that L is large enough compared with j, in particular if j ≤ L + 1. This result can be checked with an alternative computation of ad Nevertheless, as for a ring lattice, c
Furthermore, ρ (L) (t) also converges for any t to the universal Rydberg density ρ(t). The reason is that this convergence in the ring is simply a consequence of a bound for c
given by an overestimation of the number of words in ad 2j
(see Appendix B). Since the linear lattice reduces the number of such words due to the conditions m k = 0 for k < 0 and k > L+1, the bound holds here too. As a consequence, we also expect the presence of a universal short time regime with a range that increases with the size of the system. A comparison between the Rydberg density for a L = 18 linear lattice and the universal Rydberg density including terms with j ≤ 17, i.e., 17 j=1 c j t 2j , is presented in Fig. 3 .
These results can be generalized to other operators and other blockade ranges.
VI. MULTIDIMENSIONAL LATTICES
For completeness, we provide some ideas on the generalization of these results to systems of higher dimensions. The analogue of a one-dimensional ring lattice of size L in higher dimensions is a toroidal lattice defined by the periodic boundary conditions k+Le j ≡ k for any spatial basis vector e j . The coefficients c (L) j of the Rydberg density will depend not only on the blockade radius but also on the dimension of the system. Higher dimensional lattices yield different quantitative results for non-integer values of λ b due to the presence of neighbors at non-integer distances, absent in the one-dimensional case. Nevertheless, the short time behavior will be qualitatively similar: The first Taylor coefficients of the expectation value of a (L-independent or translationally invariant) operator are universal for L large enough because the corresponding commutators involve sites with a relative distance not greater than L. Furthermore, the number of universal coefficients increases linearly with L. As in the one-dimensional case, these universality properties are affected by non-periodic boundary conditions (e.g., square and cubic lattices): The coefficients differ from the universal ones by O(1/L) terms because, for large L, the number of boundary sites is of order 1/L compared with the total number of sites of the lattice.
Hence, we can at least formally define a power series expansion that represents the universal time evolution of expectation values of operators such as the Rydberg density. However, the reasoning used earlier in this paper to prove that this series actually defines a function (i.e., that the power series with the universal coefficients is convergent) does not apply to dimensions larger than one. The cornerstone of such methods is the bound obtained for the Taylor coefficients by overestimating the words generated when applying ad j H (L) to the corresponding operator (see Appendix B). The number of such words grows exponentially with the dimension, which renders the techniques useless in dimension 2 or higher. This, of course, does not mean that there exists no such function as the universal Rydberg density in higher dimensions. In fact, its existence was proven previously in Ref. [33] although the method to calculate the corresponding universal function remains, to the best of our knowledge, unknown.
VII. CONCLUSIONS
In this work we have shown that expectation values of observables in a one-dimensional Rydberg lattice gas converge to universal time dependent functions in the thermodynamic limit. This convergence takes place for any time, for any size-independent or translationally invariant observable, for any blockade radius, and for open and periodic boundary conditions. From a mathematical point of view, the universality can be understood as an asymptotic behavior when the size of the lattice goes to infinity. The expectation values of the considered operators converge (at least logarithmically) to some universal ones which could be associated to a model living in an infinite lattice. We have also shown how to obtain the expansion coefficients of these universal functions by investigating the dynamics on a ring lattice. The difficulty in the analysis of this asymptotics stems from the fact that such infinite lattice model is not well defined since the corresponding Hamiltonian has no meaning as an operator on a Hilbert space. Higher dimensional lattices also share in general these properties and the expectation values actually converge to universal ones as the lattice size increases. The universal expectation values given this asymptotics depend only on the operator at hand, the blockade radius, and the dimension of the lattice, but not on its particular geometry.
From the practical point of view the results presented in this paper mean that even the simulation of small systems allow to gain accurate insights into the behavior of macroscopic many-body systems, provided that the simulation time is sufficiently short, so that boundary effects are negligible. This has recently been exploited in the Ref. [38] which discusses the simulation of open quantum systems with local system-bath coupling. f a (t), f a (t) = t a−t .
We will prove here that, for any ε,
First, f a (t) is a positive and C ∞ function in (0, ∞) such that lim t→0 f a (t) = lim t→∞ f a (t) = 0. This implies that f a (t) reaches its maximum at a point τ ∈ (0, ∞) such that f a (t = τ ) = f a (τ )(a/τ − 1 − ln τ ) = 0, i.e., a τ − 1 − ln τ = 0.
The solution of this equation is unique for any a because g a (t) = a/t − 1 − ln t is decreasing in (0, ∞). Then, κ(a) = f a (τ ) = τ a−τ = τ τ ln τ = e σ(a) , with σ(a) = τ (ln τ ) 2 and κ(a − ε) κ(a) = 1 e σ(a)−σ(a−ε) .
Both τ (a) and σ(a) are C ∞ functions of a ∈ (0, ∞) because g a (t) is C ∞ for a, t ∈ (0, ∞) and g a (t) < 0 in this interval. In addition, where we have used that lim a→∞ (a/ξ a ) = 1. In addition, since τ (a) is increasing and ξ a < a, one obtains that κ(a − ε) κ(a) > 1 (τ (a)) ε = ω(a) a ε , so that, finally, given that τ (1) = κ(1) = 1 and denoting κ n = κ(n) and ω n = ω(n) with n = 1, 2, 3, . . . ,
Appendix D: Matrix representations on the linear lattice
Consider a linear lattice of L sites under nearest neighbors blockade. The Hilbert state space has dimension 2 L and a basis is given by the eigenvectors with Rydberg excitation numbers n 1 , . . . , n L , which we label with the corresponding eigenvalues. The absence of translational symmetry leaves only the reflection symmetry to reduce the degrees of freedom, but it is unable to eliminate even half of them. Instead of this, we will reduce the degrees of freedom working in the blockade subspace, spanned by those states without consecutive Rydberg excitations. A basis B (L) of the blockade subspace can be inductively constructed on L as
where 0 and 1 represent an atom in the ground and Rydberg state, respectively. The dimension d (L) of the blockade subspace satisfies 
